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Introduction

Runge-Kutta solution methods added to GEMPACK
(release 12.2, Dec 2024)

Many good properties:
▪ Faster convergence than other available methods (Euler, 

Midpoint, Gragg)
▪ Computationally cheaper than Richardson extrapolation
▪ Improved automatic accuracy (adaptive step size for RK)
▪ Error estimates given for some of the RK methods (HAR file 

format)
▪ Better diagnostics for simulation problems 
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Introduction

Implementation of the Runge-Kutta in GEMPACK
by

Florian Schiffmann
CoPS, Victoria University, Melbourne.

The Runge-Kutta methods in GEMPACK are now thoroughly 
tested – used and refined in-house in CoPS for more than 2 
years before release in GEMPACK 12.2 (December 2024). 
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The CGE problem as Initial Value Problem

The CGE problem in Levels
System of nonlinear Equations

X = vector of exogenous
Y = vector of endogenous

We can construct an initial solution (𝑋0, 𝑌0) and shocks 𝑋
Perform a trivial linearization of the shocks: 
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The CGE problem as IVP (II)

Derive F with respect to t (using chain rule):

Using the shock vector we know:

From equation system and closure:
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The CGE problem as IVP (III)

Rewrite derivative:

Rearrange we have ODE for solution as:

By providing initial solution (database) can be solved as IVP
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Illustration of Euler

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
Integrate:
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RK4 (poking around)

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
Integrate:

𝑥0 = 0.5

𝑦0 = 2.0

𝑔1 = −
𝑦0
𝑥0

0
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RK4 (poking around)

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
Integrate:

0
0.5 0.5

𝑥1 = 𝑥0 + 0.5ℎ

𝑦1 = 𝑦0 + 0.5𝑔1

𝑔2 = −
𝑦1
𝑥1
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RK4 (poking around)

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
Integrate:

0
0.5 0.5
0.5 0 0.5

𝑥2 = 𝑥0 + 0.5ℎ

𝑦2 = 𝑦0 + 0.5𝑔2

𝑔3 = −
𝑦2
𝑥2
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RK4 (poking around)

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
Integrate:

0
0.5 0.5
0.5 0 0.5
1 0 0 1

𝑥3 = 𝑥0 + ℎ

𝑦3 = 𝑦0 + 𝑔3

𝑔4 = −
𝑦3
𝑥3
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RK4 (using gathered informtion)

𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥
Integrate:

0
0.5 0.5
0.5 0 0.5
1 0 0 1

1

6

2

6

2

6

1

6

𝑥 = 𝑥0 + ℎ

𝑔 =
1

6
𝑔1 +

2

6
𝑔2 +

2

6
𝑔3

1

6
𝑔4

𝑦 = 𝑦0 + 𝑔

12



Order of integrator

Local integration error as Taylor series of step size h

∆= σ𝑟=1
∞ 1

𝑟!
𝐶𝑟ℎ

𝑟 = 𝐶1ℎ +
1

2
𝐶2ℎ

2 +
1

6
𝐶3ℎ

3 +⋯

nth order integrator has 𝐶1to 𝐶𝑛 = 0

Truncating Taylor series at r=n+1

∆~ℎ𝑛+1

Euler 1st order, local error ~ℎ2, multistep error ~ℎ
RK4 4th order, local error ~ℎ5, multistep error ~ℎ4

Good integrators try minimizing higher order C
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Explicit Runge-Kutta methods 

RK2: 2nd order, 2 stages
RK4: 4th order, 4 stages

How fast converging How much work
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Convergence 
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Embedded methods

0
0.5 0.5
0.5 0 0.5
1 0 0 1

1

6

2

6

2

6

1

6

RK4 
(4th order)

Euler
(1st order)

0
1

0
0.5 0.5

0 1

Midpoint
(2nd order)

Compute higher order
Get lower order for free
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Embedded Runge-Kutta methods 

Bogacki-Shampine: 3rd order, 2nd order embedded, 4 stages
Dormand-Prince:  5th order, 4th order embedded, 7 stages

Construction of useful embedded methods might require
additional trial point.

I.e., increased computational cost for error estimate
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How to adjust steps

ℎ𝑡 =
𝑡

∆𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒

1
𝑛+1

ℎ0
current step ℎ0 

∆𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒< 𝑡 (within 𝑡) ∆𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒> 𝑡    (exceeds 𝑡)

• Perform step
• Assume error for next step

similar to current
• Increase step size

• Discard step
• Use current error to compute

new step size
• Redo step with reduced step

size

tolerance 𝑡

error estimate

New step size
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Other reasons for redoing steps

Assertion failure / Range check error

Assertions and Range checks indicate Values leaving valid range

If values are not valid, results for this stage will be inconsistent
or lead to arithmetic errors.

In both cases step size adjustment and step re-computation
is inevitable at the last stage (with mispredicted adjustment)

Percent changes below -100%

To avoid unnecessary work and avoid bad adjustments
GEMPACK stops current step and immediately recomputes

with half the step size.
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No more getting past -100% !!!

Singularity in gradients at -100%

Failure for higher order integrators

Adaptive step size automatically
rescales step

Non adaptive terminates with error
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Using from CMF

Method = RungeKutta;
RK flavor = RK2 | RK4;
Steps = n;

Methods without error estimate (non adaptive)

Methods with error estimate (adaptive)

Method = RungeKutta;
RK flavor = BoSha32 | DoPri54;
Steps = n;
Adaptive step size = yes | no;
epsTolerance = 0.1;
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Using Rundynam
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Error metric

Using relative error

𝐸𝑟𝑒𝑙 =
∆

𝑉𝑟𝑒𝑠

Avoids problem of different scale as values are normalized
Problem 𝑉𝑟𝑒𝑠 close to zero produces large relative errors

𝐸𝐺𝑃 =
∆

max(1, 𝑉𝑟𝑒𝑠)

GEMPACK error metric uses relative error for 𝑉𝑟𝑒𝑠 > 1
and absolute error for 𝑉𝑟𝑒𝑠 < 1

Adpative step size based on error metric
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Investigate .acc file

ErrorMetric is absolute value.

Use Viewhar sorting on Max on title page

Check for badly converged components`
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Reasons for low accuracy

• Model produces highly nonlinear response

• Sizable error for most variables in .acc file

• Reduce Tolerance
Large shocks

• Bug in Equations or updates

• Sizable error for all components in few connected 
variables

• Inspect equations/updates relating to these 
variable

Model error

• Imbalance in database (not a valid initial state)

• Sizable error for few components in few 
connected variables

• Check database consistency 

Database error
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Investigate .log file

Embedded RK methods print worst component and accuracy

Embedded RK methods print summary of adjustments
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Read the log or search for “RK |” 

Tracing the RK | convergence info lets us identify the problems

We find in the log file near the failed RK step
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Read the log or search for “RK |” 

RK methods write offending components to log

Adaptive step size will immediately redo step
with reduced step size to obtain more accurate solution
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Conclusions

Things you will immediately appreciate
• RK integrators outperform existing integrators in GEMPACK
• RK avoids numerical instabilities known to exist for Richardson extrapolation
• Adaptive step size more stable, faster and more expressive than automatic 

accuracy
• Improved log file output to pinpoint problems

Things that might take a bit longer
• RK unforgiving of model/database errors, e.g.

‘Tried and trusted’ models might fail with RK where Euler ‘worked’
• Understanding how log and acc file help to find problems and fix them

The new CoPS standard: DoPri54 + adaptive step size
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Next steps

Develop a set of worked examples with a GTAP model 
addressing common problems.

• GTAP
▪ Tuning the solution method for accuracy and solution 

time 
▪ Using RK error estimates to identify a coding or data 

error 
• GTAP-RD Using RK with adaptive step sizes and modifying 

default control parameters where necessary 
• GTAP-E Industry output falls by -100% 
• GTAP-Power Identifying solution problems related to the 

energy nest
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