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Abstract

Volatility in water supply is a main challenge in water management. This paper develops a
stochastic dynamic general equilibrium approach for modeling water supply in a water-scarce
economy. Water is used for production and final consumption and is supplied by stochastic
freshwater flows or through desalination. The stochastic general equilibrium model is devel-
oped as a quadratic system without an explicit objective function using recursive dynamic
programming techniques. The model is calibrated to the SAM data for Egypt 2019 and then
solved numerically. The results show that uncertainty reduces investment in the desalination
sector and increases investment in water-substituting capital instead. As a result, production
becomes less water-intensive with increasing uncertainty. Water storage is much higher under

uncertainty than in a deterministic model, and consumption is lower.



1 Introduction

Water from conventional sources is becoming more scarce, due to rising demand, and less
reliable due to climate change. For the Nile basin region, for example, hydrological models
predict increasing variability in water supplies in the future (Siam and Eltahir, 2017; Mengistu
et al., 2021). Transboundary disputes and upstream activities also affect downstream countries’
water supplies (Heggy et al., 2021; Digna et al., 2018). This requires that the water planner
takes this into account in order to avoid welfare losses under adverse future events such as
reduced water supplies. In this context, exploring non-conventional water resources such as
desalination and wastewater reuse becomes more urgent. However, using water from these
sources requires costly investment in capacity building.

The importance of water for economic growth is emphasized in numerous studies (Barbier,
2004; Hertel and Liu, 2019). The study of uncertainty and its relation to the management
of water resources is also established in the literature (Burt, 1964; Knapp and Olson, 1996;
Howitt et al., 2005; Li and Swain, 2016). A growing literature focuses on optimal freshwater
management as an adaptation mechanism to climate change and to meet rising demand (Bega
et al., 2023; Garrote, 2017). However, most of these studies look at the water management
system in isolation from the rest of the economy or consider only one source of water. Studying
the optimal freshwater management by integrating conventional and non-conventional water
sources under a stochastic dynamic general equilibrium setup is still lacking in the literature.

The main tool for water supply management is the construction of dams and the storage of
water in artificial lakes. Dams and in addition to providing hydropower and protection from
extreme precipitation events regulate freshwater flows and make water available at times of
low natural flows, helping to sustain the availability of this resource, particularly in water-
constrained regions. Worldwide, there are more than 14000 dams (AQUASTAT, n.d.). In the
case of Egypt, for example, the water management system relies more than 15 dams on the
Nile with a storage capacity of more than 170 billion cubic meters (bcm). The major one
is the High Aswan dam with a storage capacity of 162 becm. They paly the central role in
managing the water supply and control floods in addition to power generation. The current
reservoir management scheme (lake Nasser) can be improved to reduce evaporation losses that
are estimated at 10 bem annually.!

Another possibility is to increase water supply from non-conventional sources. This could

provide unlimited amounts of water. The technological improvement in the desalination sector

!National Water Resources Plan — 2017 (n.d.)




has led to a secular increase in the utilization of this technology that establishes the potential
of desalination to provide a reliable source of water for different uses (Ghaffour et al., 2013;
Jones et al., 2019). As a result, the amount of desalination water has expanded from around
4.5 bem in 2000 to 22.5 bem worldwide in 2022; most of it in the Gulf states (29%) and China
(56%) (AQUASTAT, 2020). However, desalination production is still lagging behind in many
water-scarce regions, including the current case, Egypt. Faced with an increase in the demand
for water, better management of reservoirs in addition to investing in the desalination capacity,
which is expected to increase, are identified as the main points of the national water strategy
(Elkholy, 2021).

This article provides a framework for modeling uncertainty in dynamic general equilibrium
and calibrating the model to national accounting data. The approach is used to investigate
the impact of uncertainty in freshwater flows caused by climate change and how this affects
the investment in non-conventional water production, e.g., desalination sector as well as the
production pattern in a water-scarce economy. To do this, a stochastic dynamic general equi-
librium model with two different types of capital is developed. One type is used in desalination,
and the other is used in the remaining sectors. Water is a homogeneous good produced from
freshwater and desalination. The randomness originates from the natural freshwater supplies.
The model is then calibrated to the SAM data for Egypt in 2019. Egypt is an interesting case,
as it is an arid region with limited water supplies and potential for an expanding desalination
sector (Elsaie et al., 2023).

The model is solved as a stochastic Bellman equation by deriving the optimality conditions,
the market clearing conditions, and state evolution equations. To obtain a numerical solution
of the model, a square system of stochastic equations is solved in GAMS. This is made possi-
ble by estimating an AR(1) process for the Nile flow data (the source of freshwater supplies)
and applying the Tauchen method to derive the probability transition matrix to approximate
the underlying continuous distribution of the flows (Tauchen, 1986). Four different scenarios
regarding the future are simulated; A. deterministic scenario, B. stochastic model with cur-
rent level of volatility, C. stochastic model with increased volatility, D. stochastic model with

increased volatility and reduced mean annual flows.

The numerical solution shows that uncertainty in water flows results in higher levels of
storage and lower levels of water extraction, resulting in larger artificial lakes. It reduces
consumption and encourages a higher level of investment in the water-substituting capital.
Consequently, production becomes less water-intensive. In addition, uncertainty discourages

investment in the desalination sector. If the mean annual flows are considered by the social



planner and uncertainty is ignored — the deterministic case — then substantial investment in
desalination is made, and a less restrictive water management regime is adopted (low storage).

The rest of the paper is organized as follows, section 2 sets up the model and characterizes
the steady state , section 3 outlines the data and the parameter calibration, section 4 describes
the scenarios, section 5 presents the results and discusses their implications and section 6

concludes.

2 Methods

2.1 The Model

To address the research question, I present here a tree-sector, two-commodities growth model.
The commodities are the water commodity and the Y commodity, which is an aggregation of
all other commodities in the economy. The water commodity is produced from freshwater or
desalinated water, D. The Y sector produces good Y using capital, labor and a produced water

commodity in constant returns to scale Cobb Douglas production function:

Y:A1 Qal K?QLQS, 041+062—|—043:1 (1)

Where Q is the water input, K7 is capital type 1 (capital used in sector Y) and L is labor. A; is
the productivity shifter that is assumed to remain constant over time. The desalination sector

uses only capital (type 2) for production:

D=AK) | 0<6<1 (2)

where the productivity shifter A, is a constant calibrated from the SAM data for a given 6. The
capital used in desalination is different from the capital used in sector Y in that the desalination
capital entails adjustment cost. Freshwater is produced using freshwater as a resource and a
portion of good Y to extract the resource and provide it to users. Desalination water is a
perfect substitute for the freshwater supplied by nature as renewable surface water flows.

The difference between these two types of capital is the partial irreversibility. K; is com-
pletely reversible, meaning that the capital good can be divested and used for consumption or
converted to Ky. Desalination capital, K5, on the other hand, is partially irreversible, meaning

that when it is divested, some of the value is lost.
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The adjustment cost of investment in desalination capital is assumed to be proportional
to the stock of capital in that sector, see, for instance, Bloom (2009). The adjustment cost
reflects the partial irreversibility aspect of some investment and highlights the idea that some
types of capital have value only if used in production. Converting this capital to another type
of capital or to a consumption good implies squandering some of its value. A quadratic form

of the adjustment cost is applied (Romer, 2001):

Gl Ky = L2 o0 (3)
2, 2) — 92 KQ,

where the cost of installing one additional unit of capital in the desalination sector increases

with the ratio of new capital I to the stock K5 in proportion b. Consequently, the investment

cost in type 2 capital is Iy + G(Is, K3).

The freshwater endowment is a renewable annual flow that reaches the country in year t,
and it is stochastic. Some of this water can be withdrawn (extracted), W, for use, and some
can be used to build a stock S in the form of an artificial lake or to recharge groundwater.
Artificial lakes play a major role in water management (hedging against floods and drought)
and in the generation of hydropower. As mentioned above, there are 14000 dams worldwide
and about 2000 of them are in Africa (AQUASTAT, n.d.). In this article, the focus lies on the

water management role of dam reservoirs.

Hydrologists distinguish between water withdrawal (extraction) and water consumption,
some of the water used might be retrieved to the original source, and some of it is consumed
irretrievably (Barbier, 2004). Here, it is assumed that all the water withdrawn is consumed

irreversibly. The freshwater system evolves according to:

St+1 = (1 — ’U)St + Zt - Wt s 0 < Wt < St (4)

Zy=a+pZi1 + &, €t " N(0,0%) (5)

where S; denotes the water stock (stored in lakes) in year ¢, stochastic annual flows are given by
Zy, the water withdrawn for use in final consumption or as input in production is W, v denotes
the rate of evaporation, and € is an iid normally distributed innovation term with mean zero
and constant variance o2. The decision about the withdrawal and all other model decisions are

made at the beginning of each period and before the realization of Z.

Withdrawing water from the reservoir and providing it to the end-user imply some cost.

Following Burt (1964) the share of output that is used to extract water is a function of the
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stock available, let us specify:

o(S) =a/S", a>0,7>0 8>0, %in%)gp(S) =00 (6)
_>

©(S) is the amount of output (of good Y) used to extract one unit of water and deliver it to
end-users. This means that when the stock is low, it becomes more costly to extract and pump
it to the end user.

The representative household consumes an amount X of good Y and an amount H of total
water supply W+D, with a substitution parameter ¢ and a constant absolute risk aversion

(CARA) utility. The total expected utility over an infinite horizon is:

E[U] :E[i—ﬁte'ﬂ L 4>0,0<f8<1
0

C=a,AX"+(1=NH)"" o,=——— >0

where 7 is the coefficient of absolute risk aversion. The special property of this utility form
is precautionary savings.? The parameters a. and X denote the shifter and the value share,
respectively, and are calibrated from the data for a given o..

In addition to its use in consumption, good Y is used as an investment good in both types
of capital and also for the extraction of freshwater resources. The market clearing conditions

for the two goods Y and the water commodity, respectively, are given by:

b I2
Y=X+5L+DL+--2+pSW (8)
2K,
W+D=Q+H (9)

Where commodity Y is used for consumption X, investment /1 and I, and extraction of fresh-
water. The values of all goods and factors in the model are measured in terms of good Y, the
model numeraire. The quantity of water commodity used for consumption by the representative
household is H, and Q is the quantity used for production in sector Y. Together, they cannot
exceed the total supply of water W + D. Both capital types evolve according to:

Kigiri=01—-0)K;4+ 1y, i=12 (10)

2See (Mas-Colell et al., 1995; Caballero, 1990)



with the same depreciation rate ¢ for both types of capital. Labor is used in sector Y only and

its supply is exogenously given according to:
Lt+1 = (1 —+ n)Lt (11)

where n is the growth rate of L. The quantity L represents the population and the labor force
and is fully employed. The optimization criterion of the social planner is to maximize the total
utility of the representative household over an infinite horizon, equation 7, subject to the rest
of the equations 1-11. Let us start by setting up the stochastic dynamic optimization problem.

The Bellman equation is:

VUQJQJQ:X%%Z{—e”c+&EP(KLK;§H} (12)
where the prime symbol on the variables denotes the ¢ + 1 period, E is the expectation at
time ¢t and V is the value function. Equation 12 is the main equation in which the problem
is reduced to a problem of two periods, the utility from consumption at ¢ and the discounted
expected value of the remaining assets at t 4+ 1, the assets being the two types of capital and
the water stock.®> The control variables in the current setup are X (the quantity of Y used for
private consumption), the input of water in the Y sector, Q, the withdrawal of water from the
reservoir, W, and the investment in the desalination sector I5. The rest of the model variables;
H, I, and Y are determined using the market clearing conditions for commodities and factors.
The evolution of the state variables, K, Ky and S, is driven by the initial conditions and the
control variables. For example, S; depends on Sy, which is given, and the control W, which is
chosen optimally, in addition to exogenous stochastic flow Z. The same is true for all periods
and the other state variables. Using these relationships, the Bellman equation can be written

in terms of the control variables as follows:

V(K1 Ky, S) = X QL { _ e 18X (=N (WHD-Q))!/?

b2

+BE [V((1 — ) K1+ AIQUKLY — X — Iy — 22X — p(S)W, (13)
2

u_®m+g,u_ws+z—wﬂ}

3For a treatment of simple problems of dynamic programming see Sydszeter et al. (2008), Ch. 12.
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Now I proceed by differentiating eq. 13 with respect to (w.r.t.) each of the controls. The full

derivation of the model is given in appendix A.1:

d c\'
& <§> =B [Vig]  (14a)
% (1= N (W + D - Q) IC reY = 5%}3 [Vi/] (14b)
% : Q=AW +D—-Q)'C' P = Bp(S)E [Vi] + BE [Vs/] (14c)
=< {1 ; b[[(—ﬂ E[Vi] =E[Vig]  (14d)

where E [VKJ is the derivative of the expected value function w.r.t. K; in period ¢t + 1, and
the same for Ky and S. Equation 14a is the familiar FOC that equates the marginal utility
of consumption with the discounted expected value of saving one unit of output to be used
to accumulate capital, which will then become productive in the next period. Thus, this
relationship captures the intertemporal opportunity cost of consumption/saving. Equation
14b sets the condition for the optimal choice of water input in production and 14c sets the
optimality condition for the withdrawal of water from the reservoir. Further manipulation is
needed for these two equations to see what kind of optimality conditions they imply, which is
done below. Finally, the condition for optimality of the investment in both types of capital is
given implicitly by the equation 14d. This condition states that the ratio of the capital cost
of both types of capital is determined by the marginal adjustment cost. This is the Tobin’s q
relationship (Romer, 2001). To see this, suppose that the unit cost of K is 1, then the unit cost
of Ky is 1 4+ G'(12, K3), which is exactly Tobin’s q. That is, an additional unit of investment
in K, would be made only if the expected value generated by it is greater than the additional

expected value generated from K plus the marginal adjustment cost.

In addition to the unknown values of the parameters, the system of equations has three
further unknowns, which are the value functions of the three state variables Vi1, Vi and V.
To solve the model, these have to be eliminated; this is done using the envelope theorem.
The Bellman equation in 13 is differentiated w.r.t. each one of the state variables (see the
steps in appendix A.1). In doing this, four Euler equations are obtained. The first is the

optimality condition for consumption C; (which is a CES combination of goods) between any
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two subsequent periods, given by:

1—
(97

X

OJQY/ C, lip —’YC,
(10420 (%) (15)

This is the Euler equation for consumption of the aggregate commodity in two periods. The
equation relates the intertemporal marginal utility at ¢ (the left hand side) to the discounted
expected marginal utility augmented by the net marginal product of capital K; and ¢t + 1. In
the deterministic case, this gives the ratio of marginal utility of consumption over any two
subsequent periods as the discounted marginal product of capital net of depreciation. The

Euler equation for water use is given as:

H 1—A Oély 7
(5% 1o

This equation implicitly determines the allocation of water into final consumption H and pro-
duction  in the same period. Thus, it is an allocation rule for water among different uses

and is governed by the marginal product of water in production. The optimality rule (Euler

Y\ (C\T o]
(““‘“F;) (?) o

Equation) for reservoir management is:

(1-2) (%D_Q) e (S E

(0= (ws = ot) - s () ol

This equation determines the intertemporal relation between withdrawing water now or keeping

1BNE

it in the reservoir for the next period, in which case it evaporates at rate v. The left hand side is
the marginal utility of water use in consumption, and the right hand side reflects the opportunity
cost of keeping the water in the reservoir. Keeping water in the reservoir makes it available for
production (or consumption) next period, while the change in the reservoir stock influences the
extraction cost ¢(S). I will return to this point in the next section when studying the steady
state. The last relationship is the Euler equation for investment allocation between the two

types of capital after eliminating the unknown value functions, which is written as:

(1 + b[I(—Z) (%)H e ¢ = BE [(g <II(—22>2 +(1—9) (1 + bé—i)) <%)1_p e’YC/] (18)



This equation determines the allocation of investment between the two sectors. It reflects
the trade off between the two types of investment; invest more in type 1 capital to replace the
water commodity or invest in type 2 capital to produce desalinated water which can then be
used to replace type 1 capital in the production of the main commodity in this economy, good
Y.

The Euler equations (15), (16),(17), and (18) in addition to the law-of-motion equations, the
market clearing conditions and the boundary conditions (initial levels and steady-state levels)
determine the path of the model variables between 0 and oco. It builds a square system of equal
unknowns and equations which gives a unique solution of the system. In order to solve the
system of equations, one needs first to determine the steady state level of the model variables

and impose this as terminal condition. So let us now turn to studying the steady state case.

2.2 The steady state

The steady state is a deterministic case of the current model where the stochastic freshwater
flows are replaced by their mean. Further, the infinite horizon model is approximated by a
finite horizon model by imposing certain constraints on the terminal period. In this regard,
eating up all the stocks in the final period is not optimal as would be in a problem of finite

horizon. Instead, the following conditions are imposed (Lau et al., 2002):

lim Ky, = K lim Koy = K lim S, = §* (19)
t—o00 t—o00 t—00

By doing this, the steady state level of each state variable in the infinite horizon problem
is imposed as the level of that variable in the terminal period in the finite horizon version.
The steady state of the current model defines the per capita growth rate of all quantities to
be zero for all variables (except water stock S). That is, the level of these variables increases
at the same rate as the population n. For the water stock, the steady state condition is that
the growth rate of the stock (and not per capita growth) is zero. Appendix A.2 shows the
derivation of the steady state of the model. For both types of capital, the steady state levels

are given, by:

1

oy g A me2
K] =1 Ql—flw LT where 9 = (1a2—11(5> (20)
B(1+n) +
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Y Y e
Ky = as[l 4+ b(n + 9)] ( L ) ] (21)

It is notable that the steady state of both types of capital depend on the steady state level of
the control variable Q (water input in production) and the exogenous labor level in the end
period.

An important relationship in the current model is how optimal management of the freshwater
reservoir responds to changes in desalination production. By substituting the left hand side in

eq. 17 by eq 16, the steady state relationship of the total consumption of good X is defined by:

u'(Xy)

mfQ:ﬂfQ:SO(S)R+fQ—SO(S)—tp'(S)W (22)

where fq is the marginal product of water, @ is the ratio between the marginal utilities in the
steady state and R is the gross return on capital used in Y net of depreciation,. This equation
implicitly defines the relationship between water storage and water withdrawal, and thus total
water supply in the steady state. Using the implicit function theorem and substituting W from

the market clearing condition for water commodity and differentiating:

f(8.D) = p(S)[R—1]+ fo — ¢(5) — ¢'(S)(H +Q — D)
df = fs dS + fp dD =0
ds ¢'(S)

D~ JEL- A+ HEIQ-D) = (23)

where f(S, D) is the augmented ratio of marginal utilities in the steady state. In Eq. 23 the
numerator is negative. The first term in the denominator is positive because R is larger than
1, and the first derivative of ¢ is negative.? The second term is also positive since desalination
is less than the total demand for water H + () and the second derivative is positive due to the
convexity of ¢. Thus, the whole expression is negative. This result states that for a given level of
economic activity, the stock of freshwater in the reservoir is smaller, the larger the desalination
production. Desalination provides an additional source of water, reducing the need for water

conservation. In contrast, if desalination becomes more expensive and thus D decreases, more

4Since the value of the marginal product of capital must exceed the depreciation rate, note also that in the
current model df is a positive constant, but this does not change anything in the analysis.
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water must be stored in the reservoir and S increases. Another interesting relationship implied
in eq. 22 is the effect of extraction cost on stock management. The term fo — ¢(S) = P is
the difference between the marginal product of water in production and the unit extraction
cost, both in units of output of good Y, thus P gives the net marginal product of water. After

rearranging and differentiating P w.r.t. S and R, respectively:

oP

os = (R +E(S)W >0 (24)
O = —(5) >0 (25)

Equation 24 states that the net value of the marginal product of water is increasing in the stock.
When the stock is high, the extraction costs are low. Thus, the residual value P increases and
vise versa. That is why the term ¢'(S) (the derivative of the extraction cost w.r.t. the stock)
appears in the optimality condition in eq. 17 which reflects the effect of withdrawal today on
future extraction cost. The motivation for punishing stock extraction might also be motivated
by the uncertainty aspect (Solow and Wan, 1976). Equation 25 states that P increases in
the productivity of K;. Not surprisingly, water has a higher value, the more productive the
economy is. For the numerical model, the steady state level of reservoir storage, eq.17 can also
be written as:

3

oy Ay (Q_) e (1+n)p

< 0(S™) (1 — 6+ ag Ayt

+a—m(mAww(%j”1—¢ww)—¢wvw1 (26)

where W* is determined by imposing the steady state condition that the total stock of the

reservoir is constant S;11 — S; = 0 as t becomes large enough:
W*=27—-vS* (27)

7 is the mean annual flow of surface freshwater (an exogenous quantity).
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Finally, the steady state for the water input Q* is given implicitly by the equation:

1 a3

Q* l—ay 1_)\ 1 _ Q* l1—ay
A K = |y (=
1w 2( - A 061A1¢ L

L3
b
+(6 +n) Ky + (6 +n+ 5(6 + n)Q) K5 +o(SHW*  (28)

_1
p—1

(W*+D* - Q")+

The equations 20, 21, 26, 27, and 28 construct a quadratic system of five non-linear equations
with five unknowns — the three state variables in addition to * and W*, which need to be
determined as well, since the steady state level of the state variables depend on them. Appendix
A.2 shows the derivation of the steady state model. Using these steady state levels as terminal
conditions in addition to the given initial conditions of the three state variables, the model now
can be solved numerically to find the whole path of each endogenous variable in the model.

The first step towards solving the model numerically is to use the data to calibrate the
model parameters. Unfortunately, the SAM data are not enough to do this for all parameters.
Therefore, for some parameters, the values have to be assumed. The second step is to solve for
the deterministic steady state. The third step is solving the deterministic version of the model

path (solution for all periods). The last step is to solve the stochastic model.

3 Data and Model calibration

The model is calibrated to the social accounting matrix for Egypt 2019, Serag et al. (2021).
These data are a detailed account of all transactions in the economy for that year. The SAM
comprises 69 activities and 73 commodities.

Multiple adjustments are made to the original SAM to align it with the structure of the
current model, keeping the total value of the economy unchanged, table 1. First, the water
sector is split into two sectors (activities), freshwater activity and desalination activity. The
rest of the sectors were aggregated into one sector, the Y sector. There are two commodities;
Y-c is produced by sector Y-a, whereas the water commodity, water-c, is produced by both the
freshwater sector and the desalination sector. The column entries give the value of the input
in the production of the output (rows). For households, the row entries represent income and
the column entries represent consumption/saving. The original SAM includes 10 households,
which are aggregated to one representative household. The SAM is complemented by obtaining
the physical quantities from administrative data. Data for physical quantities of water use are
compiled from Report (2016) and AQUASTAT (2020), while the values are taken from the

13



Table 1: Social Accounting Matrix (SAM) for Egypt (2019). This is an aggregation of the original SAM with 73 sectors
and commodities — a denotes the activities, ¢ the commodities, f the primary factors, s-i is investment. The values are in
billion EGP (2019 prices).

freshw-a des-a y-a water-c y-C Ki-f  Ko-f labor-f freshw-f household s-i total

freshw-a 509.935 509.935
des-a 12 12

y-a 4874.52 4874.52
water-c 487.46 34.4753 521.935
y-C 24.8484 4456.55  393.123 4874.52
Kq-f 2915.36 2915.36
Ko-f 12 12

labor-f 1471.7 1472.7
freshw-f 485.087 485.087
household 2915.36 12 1471.7 485.087 4884.15
s-i 393.123 393.123

14

total 509.935 12 4874.52 521935 4874.52 2915.36 12  1472.7 485.087  4884.15  393.123




Table 2: Physical values and model parameters. The values for water variables are in billion
cubic meter.

Physical quantities So Dy W Qo H,
in base year 150 0.3 95 498 5.3
Calibrated Parameters Qe ay aq aq y o3 A a

1.3 12.4 0.07 0.1 0.6 0.3 0.99 0.03

Exogenous parameters ) 15} v n O 0 n b
0.05 097 0.1 0.01 0.7 0.6 1.5 2

Note: The exogenous parameters 0 and [ are similar to values used in the literature, v
and n are country-specific, the real values for o., 8, b, and n are unknown and thus the current
values are chosen to ensure numerical stability of the model. The calibrated parameters are
not exogenously chosen, but ’calibrated’ to ensure that the model equations and relationships
are satisfied in the base year.

SAM accounts for water and sewage, see Table 2.

The SAM does not include a desalination sector. To fix this, the external data on the value
of inputs, which are mostly capital and energy, are assigned to capital as the only input in
this sector. The quantity of desalination in 2019 is 0.3 bem and costs 12 billion EGP, which
represents the rental value of capital (Elsaie et al., 2023; Lamei et al., 2008).

A further limitation of the current SAM is the lack of information on the contribution of
water to GDP. Numerous studies have shown that reducing water supplies would result in a
substantial drop in GDP (Strzepek et al., 2008; Heggy et al., 2021; Mohammed et al., 2026).
This suggests that the real value of water is much higher than the value used in the SAM.
Therefore, the SAM is adjusted to account for that as well. As a result, a value share of 10% of
GDP is assigned to the water input by subtracting the same amount from the other two inputs

(capital and labor) proportionally.

Finally, the observed base year values of the controls are used to calibrate the model param-
eters before the model is solved. For example, the base year values for W, and Sy from table
2 are used to calibrate the parameter a in the extraction cost function ¢ before solving the
model. The model solution then returns the optimal values of the controls starting in period
0, which means that the optimal solution for the first period could deviate from the observed

values for consumption, water withdrawal, etc.
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Figure 1: The Annual Nile flows at Aswan 1900-1970
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The data for the annual Nile flows are taken from (Sindhu, n.d.). The annual mean is
estimated at 71 bem and the standard deviation is 10.5. Figure 1 shows the annual Nile flows
from 1900-1970.

4 Simulations

There are at least two main channels through which the changing climate would impact the
water supply in the Nile Basin. The first is the impact on the precipitation and thus the river
stream flows. The second is that the rising temperature changes the evaporation losses in the
stream and reservoirs.?

Using climate data, hydrological models try to predict the impact on precipitation and
evapotranspiration. The impact of climate change on stream flow in the Nile river basin is
inconclusive. Some studies find increases in stream flow until the end of the 21st century (Tariku

and Gan, 2018; Amognehegn et al., 2023) . Others report that climate change would reduce

5The impact of climate change on the water demand side is mainly due to the effect on the water requirement
of the crops, which is expected to increase (Gabr, 2023).
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stream flow (Worqlul et al., 2018; Roth et al., 2018). Even though the hydrological models do
not agree on the direction of the change in the precipitation, there is consensus about increased
seasonal and inter-annual variability of these variables. Siam and Eltahir (2017) find that the
long term (2000-2100) standard deviation of the annual Nile flow increases by 50%, compared
to the 1900-2000 period.

Regarding the evaporation losses specific to Egypt and its largest reservoir, the lake Nasser
Gado and El-Agha (2021) report that the evaporation losses in lake Nasser (the main reservoir
in Egypt) increase by 0.47, 0.88 and 1.66 bem by 2030, 2050 and 2100, respectively. A review
is provided in Teklesadik et al. (2017). Another element in the impact of climate change on
the hydrology of the Nile basin is extreme events. Floods and drought are expected to occur
more frequently, which is not explored further here (Elhaddad et al., 2025; Amin et al., 2025).

To construct the scenarios, these predictions of the hydraulic models are used to specify
the path of the parameters of annual flows. Four scenarios are simulated. Scenario 1 (Sc.1) is
the deterministic scenario where the planner considers only the long-term expected value of Z
in her decision making. It is as if there is a water flow equal to the historical mean available
for every period, and the model is solved under certainty. In addition to that, there are 3
stochastic scenarios in which Z enters the model as a random flow. Scenario 2 (Sc.2) simulates
the default uncertainty using the historical distribution of the flows (figure 1) and assumes that
the current mean and the variance persist in the future. Scenario 3 simulates an increase in
uncertainty while the mean annual flows remain unchanged. Scenario 4. is the (pessimistic)
climate change scenario in which the mean annual flows increase by 10% and the standard
deviation increases by 50%. The changes that occur in Sc.3 and Sc.4 are assumed to start in
the year 2040 and continue afterwards. Before that, the three stochastic scenarios are identical.

Table 3 summarizes the scenarios.

5 Results and Discussion

For the stochastic scenarios, a set of 10 finite states of nature is defined, and the resulting
Markov transition probabilities are used to calculate the expectations of the Euler equations
as well as the evolution of the stocks in the different states. See appendix A.3 on how the
data in figure 1 are used to define the states and construct the probability transition matrix.
The solution of the stochastic model defines a contingent plan for each variable in each state
of nature, and the model is solved for each possibility of the stochastic variable. The average

value for 10 states taken over 10,000 Monte Carlo simulations is reported for each variable.
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Table 3: Simulated Scenarios

Scenario Description

Sc.1 Deterministic Baseline without This is the optimal path of the model under deter-
climate change ministic water flows and without climate change

Sc.2  Stochastic Baseline without cli- This is the optimal path of the model without cli-
mate change mate change under stochastic freshwater flows (cur-
rent uncertainty)

Sc.3 Stochastic baseline with cli- The mean of the annual flow is fixed at current
mate change | level. The Standard deviation of the annual flows
increases by 50% starting in 2040. Before 2040

same std. dev. as in Sc.2

Sc.4 Stochastic Baseline with cli- 10% drop in the water flows and 50% increase in
mate change IT (Drought Sce- standard deviation both starting in 2040. Before
nario) 2040, the same mean and std. dev. of the flows as

in Sc.2.

Since the path under each scenario (as in any numerical analysis) depends on parameters for
which it is hard to get a grip on their empirical estimation, it might be reasonable to view these
results in terms of inter-path comparison. For another set of assumed parameters, one would
get a different path. So I compare the path of each variable under the four different scenarios
to understand how the optimal path is impacted by the change in the mean or the standard
deviation of the stochastic variable Z. It is important to note here that the deterministic steady
state is not imposed as a boundary condition under stochastic scenarios. Instead, the steady
state is used as a starting point for the solution (Li and Swain, 2016). That is why the
deterministic model and the stochastic models would have different end-period states even

though they share the same initial point.

Figure 2 plots for the main variables of the model the whole path under four different
scenarios as described in table 3. Starting with aggregate consumption (subfigure A), the path
under the deterministic baseline (Sc.1) is higher than all other paths under uncertainty. The
uncertainty clearly reduces consumption. In Sc.2, in which the mean flows are the same as

in Sc.1, the consumption is lower. Comparing Sc.3 with Sc.4 — where both simulate the same
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Figure 2: The path of model variables under four different scenarios. Sc.1 is the deterministic
scenario with mean, py = 71 and zero variance. Sc.2 is the default uncertainty with the same
mean, and o = 10.5. Sc.3. has same mean and ¢ = 15.75 (50% increase in volatility). Sc.4 has
mean, iz = 63.9 (10% drop in the mean) and o = 15.75.
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uncertainty level and differ only with regard to the mean — reveals that the decline in the mean
annual flows by 2040 reduces consumption long before the decline in the annual mean occurs.
The two scenarios exhibit parallel paths where the vertical distance between these two lines is

due to the different mean annual flow in Sc.4 compared to Sc.3.

To put this into perspective, the decline in consumption occurs to the advantage of capital
stock (subfigure B) and investment in Capital K; (subfigure D). Both are higher under un-
certainty than under the deterministic path. The reason is that capital K; is a substitute for
water in production and the drop in flows mean or increased uncertainty motivates increases in
investment and stocks of type 1 capital are larger. Even though the initial capital is the same

under the 4 scenarios, the steady state differs as mentioned above.

Interestingly, the story is reversed for the desalination capital (Subfigure C) and the invest-
ment in the desalination capital (Subfigure E), where uncertainty reduces the investment in
the desalination sector and thus the capital stock of K5 is much lower under uncertainty. The
investment level I, is almost zero for stochastic scenarios. As a consequence, the production
of desalinated water is very low under uncertainty (Subfigure H). In contrast, the quantity of
desalination in the deterministic case is eight times its initial level. The current model assumes
an investment adjustment cost for this sector and it seems that this has a large effect on the
decision to invest in the desalination sector when freshwater flows are stochastic. In the deter-
ministic case, investment is desalination is made despite the adjustment case. Thus, I conclude
that it is the combination of partial irreversibility of investment and uncertainty that make the

investment in desalination sector economically infeasible.

Considering the optimal freshwater management system, in subfigures F and G, we see that
more water is stored in the reservoir under uncertainty than in the deterministic case. The
higher the uncertainty, the higher the freshwater storage level (compare Sc.2 with Sc.3) for a
given mean flows. Even when the mean is lower, Sc.4, the storage level is close to Sc.3 with
the same uncertainty level. In the deterministic case the storage and withdrawal level exhibit
a smooth path after initial adjustments. This strong response of reservoir storage is partly due
to the specific property of the CARA utility function, which exhibits precautionary behavior.
Avoiding the risk of flow volatility leads to excessive water storage. Since uncertainty increases
storage, water withdrawal is lower under stochastic scenarios (Subfigure F). The impact of
climate change shock which starts in 2040 on the different variables including the freshwater
management starts from period one (since the shock is known to be happening at that year and
continues afterwards as a recurrent independent shock from the same distribution). Increases

in water stocks (mainly ground water stocks) due to uncertainty are reported by many authors,
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but to a much lower degree (Li and Swain, 2016; Knapp and Olson, 1996). The storage of
water has two main goals in the current model. The first is to avoid water shortages in drought
periods, which would reduce utility. Second, the storage level affects the extraction cost which
is higher when the storage level is low. These two channels cause the model to react strongly
to the volatility of the freshwater flows. Further investigation might be needed to test the
sensitivity of these results to the specification of the utility function and the extraction cost
function. With regard to the first aspect, a constant relative risk aversion (CRRA) utility form
might be more appropriate.

An interesting result here is that in the deterministic case, the storage is low when the
desalination is high. A result that was derived analytically in eq. 23. In the stochastic case,
these findings reveal that storing water is cheaper than investing in desalination. Overall, the
current analysis shows that increased volatility imposes additional challenges on the economy
compared to a baseline where current volatility remains unchanged in the future. The increased
uncertainty and the resulting high level of water storage require in practice an expansion of the
current storage capacity. The level of investment in desalination is high in the deterministic
case and very low in all stochastic scenarios. The main caveat here is that a key aspect in
reservoir management is left out, namely the flood risk. A more realistic modeling would need
to account for the trade off between the drought risk and flood risk, where the latter increase
as the stock level approaches the storage capacity limit.

A key question in the current analysis is how the production side is affected by changes in
water availability and volatility. Figure 3 plots the water intensity (amount of water per unit
of output) for the four different scenarios. One can clearly see that uncertainty leads to a drop
in water intensity in production. There is a substitution towards capital. More capital and less
water are used in production. This substitution effect is higher, the higher the volatility. In
addition, the endowment effect matters (Sc.4) encouraging a stronger shift towards less water-
intensive production patterns. Again, this adjustment begins much earlier than the occurrence
of the shock which starts in year 2040. Even in the deterministic case, the economy becomes
less water-intensive over time. That is because population growth increases the demand for

water in final consumption and thus less water would be available for production over time.

6 Conclusion

This article studies the impact of uncertainty of renewable freshwater flows on the economy

as a whole and its impact on water management including the investment in non-conventional
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Figure 3: The water intensity in production (Q/Y) by scenario . Sc.l. is the deterministic
scenario with mean,uy; = 71 and zero variance. Sc.2. is the default uncertainty with same
mean, and o = 10.5. Sc.3. has same mean and o = 15.75 (50% increase in volatility). Sc.4.
has mean,uz = 63.9 (10% drop in the mean) and o = 15.75.
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water production (e.g., desalination). The model is solved recursively as a stochastic Bellman
equation subject to the model constraints. The numerical solution shows that uncertainty re-
sults in higher levels of storage and lower levels of investment in the desalination sector. The
uncertainty reduces consumption, but increases the investment in water-substituting capital.
If the mean annual flows are considered by the social planner and uncertainty is ignored — the
deterministic case — then investment in desalination is undetraken and a less restrictive water
management regime is adopted. This article introduces a framework for modeling structural
(recurrent) uncertainties in general equilibrium models that are suitable for numerical solu-
tions. It contributes to the discussion on the climate change and adaptation policies in water
availability and water management, including the costly investment in non-conventional water
technologies. However, the framework is general and can be applied to study a wide range of

multi-sectoral optimal control problems.
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Appendix

A.1 Derivation of the model

The instantaneous utility function of the representative household over the consumption of the
aggregate good C is assumed to exhibit a constant absolute risk aversion equal to . Thus, the

total expected utility of the infinitely living household viewed in period 0 is:

B[S gt ]
0

subject to: Ki=1-0)K,+1
S'=1-v)S+Z-W

b 12
Y = A/QUK®L = X + 1+ I + ——2 + o(S)W

2 K,
D=MAK)=Q+H-W
C =a, AX?+ (1 — \)H")*

Lt+1 = (1 + n)Lt (Al)

where the prime over the variable refer to the ¢ + 1 period. The stochastic Bellman equation
is the sum of the utility in the current period plus the discounted expected value of the assets
(endowments) in the next period. By substituting from the definitions of C' and the state
variables, the Bellman equation is written in terms of the control X, Q, W and I, (What these

variables describe is defined in the main text):

1/p
V(K K. S) max { 6*’}’@8 (AX'O+(1*/\)(W+D*Q)’)>
1,432, = -

X,Q,W,I3
a1 a2 T (3 b ]22
+8 E[V(u 0y + AQUEL — X — I — 52— p(S)W,
(1— 0K, + I, (1_y)s+z—w)]} (A.2)
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An optimal solution has to satisfy the following First order conditions FOCs:

d c\'’
ax A (y) e = BE [Viy]

55 A= N+ D - Qe = 58 [vig]
A =N+ D~ QP e = Bp(S)E [Vig] + GE [V

I
L BE Vi [(—1—b=2) VL | =0
dly b [K1< K2)+ KQ}

= l1 - bﬁ} E [Vk] =E [Vi]
K2 1 2

Combining equations A.3 and A.4 to get:

1-p
Y1 =AW+ D — Q)pflclfpeﬂc — ﬂy)\ (g) e ¢
Q X
Oély

= (1=NW+D-Q)'= A?X/H

combine A.4 and A.5 (note that the lhs in these equations are identical):

BEL-E [Vic] = Bp(S)E [Vig] + PE Vel
2 o(8)| E [Vig] =E Vel

Now combine A.3 and A.8 to get:
AL — ()| e = g v

(A.3)
(A4)

(A.5)

(A7)

(A.8)

(A.9)

The system of equations still includes more unknowns than equations. The three additional

unknowns are the value functions, where the optimality condition of the system depends on

them. In order to replace the value functions V(K7), V(K3) and V(S) with known quantities,
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I first differentiate A.2 w.r.t. Ky, Ky and S:

Y Y
Vi, = BE {VK{ (1—5+71)} :5(1—5+?1>E[VK{] (A.10)
where Vi, and VK{ denote the derivative of the value function w.r.t. K in periods t and
t+ 1, respectively. In this calculation I used the envelope result that the derivative of the value

function w.r.t. consumption C; is zero, or more formally:

_ovdct oV
~ocrdK, | U oK,

Vie, (K1, K2, 8) = Vi, (C*(K}), K, Ka, S) E [v (K;, K, S)] (A.11)
and since the value function V already obtains the maximum consumption we must have
oV (C*(K,), Ky, Ky, 5)/0C* = 0, where the impact of any change in capital on optimal con-
sumption is negligible and only the direct effect of the change in capital on the value function

matters.® It follows that:

OV (C*(K,), K1, Ky, S) _ 3 oV
0K, T OK,

E [v (K;,K;, s)} (A.12)

The same applies for Ky and S:

Vi = 88 | Vi 2 (22} 4 vigy(1 = 0

Ky = 3 KiE Fz +K§(—)
—b—I22EV 1—0E[V, A.13
= §(K2) [Vier] + B(1 = 8)E [Vi] (A.13)

Vs = BE [Vi (—¢/ ()W) + V(1 — v)]
= B(1 —v) E[Ve] — ¢ (S)W E [Vi] (A.14)

Combine A.3 and A.10 to get:

6See Sydsaeter and Hammond (2008), Ch. 13, for a neat discussion of the envelope theorem and its appli-
cations.
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1—p
Vi, (1 S+ %) A <%> e~ (A.15)

iterate this one step forward, then plug it back into A.3:

1—p / I\ 1—p
O (R T A
1

Equation A.16 is the stochastic Euler equation for the intertemporal substitution of consump-

tion and corresponds to eq. 15 in the main text. Using A.8 in A.14:

Vs =pB(1-v) {% - 90(5)1 V] = B¢ (S)WE [V ]
_ 3 {(1 ) (% - (S)) - ¢'(S)W1 E [Vi] (A17)
Ve — {(1 _ ) (% - go(S)) - d(S)W] YAX L C1re=C (A.18)

Now I can use these results to eliminate the value function expression from the system. Starting
with eq. A.5, I replace Vi, with its equivalent from A.15 iterated one step forward and replace

Vs with its equivalent from A.18 iterated one step forward to obtain:

(1=XN(W + D — Q) tctreC

= PAp(S)E (1 — 5+ O‘;{T) (%)H ew]
+ BAE [((1 — ) (ag’ _ ¢(5/>) _ (p/(gf)wf) -1 C,l_,,e_,yc/] )

Equation A.19 is the Euler equation for intertemporal freshwater reservoir management and
corresponds to eq. 17 in the main text. To eliminate the expressions of the value function from
Eq. A.6, first I combine A.6 and A.13:

Vi, = Bg <[I(—22)2E [Vieg] +8(1 - 0) (1 + b—) [Vii]

2

—B[ (;[;2> L (1-0) (1+b[[(—22)
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then substituting A.3 into A.20 to obtain:

b (LY I A
—pl2 (2 1= (1+p-2 = v A21
vo=s 3 (&) +amo (i) (5) A
Finally, iterating eq. A.21 one step forward and using this and eq A.3 into A.6 yields:

I, c\'"* b1\’ 1 N o]
14+b—=|~y\|— C_BE || 222 15 (12xp22 P —~C
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LY (C\"* b I\’ 1 N o]

1 b— —_— _'VC: ]E 2 22 1_5 1 b_2 _ —C

> () (§) "o (3(R) oo (10d)) (7)

(A.22)

Equation A.22 defines the optimal investment allocation between the Y sector and the desali-

nation sector and corresponds to eq. 18 in the main text.

A.2 Steady state

Now let us turn our attention to studying the stationary version of the deterministic model, i.e.,
the steady state. Starting with eq. A.16 and imposing the condition that total consumption
increases at the rate of population growth n — which implies that the growth rate of per capita
consumption is zero. The same is true for X and H. Moving the marginal utility on one side,

eq A.16 can be written as :

U,(Ct+1> _ 1
ul(ct) 5 []_ — (S + O(QI);—}

~1+n (A.23)

1

= =S (Q) (KT = g

(A.24)
Since Ciyq is equal to (1 + n)Cy in the steady state, the ratio of marginal utility of total
consumption, «'(C) and %' ((1 + n)C) in the steady state is (1 + n)exp(—ynC*). Taking the
Taylor approximation around ng = 0, the ratio can be written as 1 +n —~ynC*. For small 7 the

term 1+n is a reasonable (and convenient) approximation of the change in the marginal utilities
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of total consumption. Small v means that the curvature of the utility function, which is equal to
—v% exp(—vC), approaches zero and resembles more and more a linear utility function. In the
current model v is set to 0.5 (table 2). For higher values of v, using the expression 14 n—~ynC*
would be better. In general, The use of the term 1 + n is rather inferior because it states that
the marginal utility increases by the same rate as consumption, which is not exactly true for
concave utilities like the one we have here (this occurs due to the exclusion of the term —ynC

which accounts for exactly this).
Solving equation A.24 for the steady state level of K; to get:

1

@

ey A
K= (Q)™=L™%  where tp= [ ——2L (A.25)
ey R 0

Equation A.25 corresponds to eq. 20 in the main text. Now, let us define some useful

expressions that will be used in determining the steady state of the remaining model variables:

Y* ,
— _ Al(Q*)a1—1<Kik)a2La3
Q
=A@ L
_ Qg Q* —1fi2
— Ay <T> (A.26)
and:
Y*
K* — Al (Q*)cqwazfl(Q*)falLfagLozg — Alwagfl (A27)
1

The first steady state condition for the water management system is calculated from A.19, after
using A.7 to substitute the left hand side in A.19:

angplClpe7C =0 [(QO(S) (1 -0+ %%)

+ (1) (alg _ ¢(S)) —g(s)) (%) o 670,] (A.28)

Now I impose the same condition on the ratio of marginal utilities in the steady state as in
A.23:
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= (14 n)B [(,0(5*) (1 S ) + (1) (alg: - 90(5'*)) - @/(S*)W*]
(A.29)

Eq. A.29 is the first steady state equation of the freshwater management system. Using the
steady state ratios defined in A.27 and A.26:

Q*

ap A (f) = = (1+n)B|e(S7) (1 — 0+ 042A1¢a2_1>

Q)%

(1) (alAW (f) Y- w(S*)> (5w (A.30)

This equation corresponds to eq. 26 in the main text.

The second steady state condition of the freshwater management system is that the total
reservoir quantity S is constant (this is the only model variable for which the steady state

growth rate is zero). From the state evolution equation 4:
W*=Z27—uvs* (A.31)

where Z is the mean of the annual flows. Now, it remains to determine Q* and Kj.

To determine K3, I use the relationship in A.6 as well as the definition of marginal productivity

of capital types K7 and Ko:

Y = A|QUKM L = A (AyKY — H + W) K2 [0 (A.32)
dy*
dK;

= ap Ay Q) (K7)*™ L

_a; _az \oaz—1
= Ay (@) (v (@)= LTE) T e
= ap A2t (A.33)
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dy*  oy* dQ* a1 e 7 o-1

— Ayan Asf 9o (%)_ (K3)P-! (A.34)

Now I can use A.6 in this in addition to the fact that the (value of) marginal product for each

capital type must be equal to its expected value, M PK; = E[V,]:"

*

[1 Ll } QA = Ay Agf® (QF) Toms LTe (K7)0

K3
ol b (@Y

K; (6%) L
K5+ enyio _ Al (Q° =
K 2 L
Ao (Q7\ T
(13 + 015 037 = 2 (91 (239
(6] L
I3 can be directly obtained from the state equation for Kj:
Ky — Ky = —0K} + I = nK; (total capital grows at rate n)
= I =(+n)K; (A.36)
using A.36 into A.35 we obtain:
a3
Aqf \ ez
(K3 +b(n + 0)K3) (k)™ = 2 Of L4 (%) . divide by K,
2
Ay (QH\ T
1—ag
(14 b(n+90)) (K3) 0 = 2228 ( )
[6%) L
_ o3 1715
Ayl \ e
g = | iy <Q—) 2 (A.37)
as[l+bn+0)] \ L

"V, is the change in the value function due to a one unit change in capital, which is the marginal value of
capital.
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Eq. A.37 corresponds to eq. 21 in the main text. The last quantity that needs to be determined

is Q*. For this, I use the market clearing condition given by eq. 8:

3

V' = Q) )L = A (w(@) L) L
= A (Q7) T LT

b
= X"+ +n)K;+ (6 +n)K5 + 5(5 +n)2K; + (S )W*

The only unknown in this expression is X*, using A.7 to replace it yields:

_1

ay asg 1—A _ 1 _ Q* 172‘2 r
as *\T—ag | T—ag — * * *\p—1_— az [ X
Ay (QF) o2 L [—A W+ D" = Q) oy (L) ]

+(0+n)K;+ (1+ g(é +n))(6+n)K; + (ST )W

_1
p—1

(W*+D* - Q")

1 ag
Q* 1—ag 1 —_ )\ 1 . Q* l—ag
A K. - |—Z o (2
= AWK, (LQS 3 Oép‘hw 7

b
+ (0 +n)K{ + (5 +n+ 5(5 + n)2> K+ p(SY)W*  (A.38)

This equation completes the steady state system and corresponds to eq. 28 in the main text.

A.3 Estimating the transition matrix from the AR(1)

process of water flows

The Bellman equation 12 is a function of the stochastic water flows Z; through S and the
expectation can be calculated using the density function of Z. However, the discrete model used
here would require a discrete set of states that this stochastic variable can take. Therefore, the
density function is replaced by a transition function (see Stokey and Lucas Jr (1989), Ch. 8).
The transition function P;; describes the probability that the flows in year ¢ +1 would move to
a state j given that they are in state i in year t.* The Markov property of the process is that for

predicting the next period realization, all information about the previous flows is summarized

81f Z for instance has two states, low and high, the transition function tells us about the probability that
the flows in the next period would remain low, become high given that they are low, for example this year,
likewise if they are high in year t.
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in the current period (Bertsekas and Tsitsiklis, 2008). First, time series data for annual water

flows are used to estimate an AR(1) model with a drift. The model is parameterized as :

Zi=a+pZi1+ea, S N(0,0?) (A.39)
where a is the intercept and the unconditional mean p is equal to a/1 — p, p is a persistence
parameter and € is a series of independent annual shocks drawn from the same distribution for
every period.?

The estimated parameters are as follows: The unconditional mean (long run average) of Z
is estimated at 71 bcm, p is 0.2, and the unconditional standard deviation o is estimated at
10.5 bem. The continuous distribution of the shocks can be approximated by a set of finite
states around the unconditional mean according to (Tauchen, 1986). Using these data, a finite
set of 10 states is defined where the draws are taken from the area of 2 standard deviations to

the right and left of the mean with equal spacing d. The value of Z in state j is given by:
z; =p—mo,+ (j —1)d, j=1,2,.10 (A.40)

where m is an interval-defining coefficient set to 2, 02 = 02/1 — p? is the unconditional variance
of the flows (long run variance). Table A.1 presents the resulting values of the Z by scenario.
The probability that in year ¢ + 1 the annual flow is in state j given that it is in state ¢ in year

t is given by:
d d
Pij:PT Zj—§§a+pZi+et§Zj+§
d d
= Pr Zj—a—pZi—ESGSZj—a—pZi+§ (A.41)

Finally, imposing the normality of the shock, the transition probability is defined by:

o o

for interior states) = 2,3,..n — 1

9That is because an AR(1) in R is parametrized as Z; = (1 — p)u + pZ;—1 + € which makes the intercept
equal to (1 — p)u
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where @ is the cumulative distribution function of the standard normal distribution.

For the boundary states:

71 —a— pZ, 2
Pﬂ:(I)(l ¢ ,OZ—i-d/)

o
Zn—a—pZi—d/2>

g

(A.43)

The resulting values of the probability transition matrix and are given in table A.2:

Table A.1: The values of the stochastic flow in 10 different states of nature by scenario. Sc.1
is the deterministic scenario with mean, puz = 71 in each state. Sc.2 is the default uncertainty
with same mean, and o = 10.5. Sc.3 has same mean and o = 15.75 (50% increase in volatility).
Sc.4 has mean, pz = 63.9 (10% drop in the mean) and o = 15.75.

Z; Ly Z3 Ly Zs Zg VA Z3 Zy Z1o
Sc.2 49.49 54.27 59.05 63.83 6861 73.39 7817 8295 &7.73 92.51
Sc.3 38.74 4591 53.08 60.25 6742 7458 &81.75 88.92 96.09 103.26

Sc.4 31.64 38.81 4598 53.15 60.32 6748 74.65 81.82 8899 96.16

As shown in table A.2, due to the low level of persistence in the data, the estimated p is

equal to 0.2, there is more concentration around the inner states 4,5 and 6.
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Table A.2: The Markov probability transition matrix estimated from the data using Tauchen
method

21 ) Z3 24 25 26 z7 28 29 210
21 0.084 0.094 0.142 0.175 0.176 0.144 0.097 0.0563 0.023 0.012
29 0.070 0.084 0.132 0.170 0.179 0.153 0.107 0.061 0.028 0.015
23 0.068 0.074 0.122 0.164 0.180 0.161 0.118 0.070 0.034 0.019
24 0.047 0.064 0.111 0.156 0.179 0.168 0.128 0.080 0.041 0.025
25 0.038 0.056 0.101 0.148 0.177 0.173 0.138 0.090 0.048 0.031
26 0.031 0.048 0.090 0.138 0.173 0.177 0.148 0.101 0.056 0.038
27 0.025 0.041 0.080 0.128 0.168 0.179 0.156 0.111 0.064 0.047
23 0.019 0.034 0.070 0.118 0.161 0.180 0.164 0.122 0.074 0.058
29 0.015 0.028 0.061 0.107 0.153 0.179 0.170 0.132 0.084 0.070
210 0.012 0.023 0.0563 0.097 0.144 0.176 0.175 0.142 0.094 0.084
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